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It is well known that high-frequency collective excitations in electronic systems are not Landau damped, i.e.,
they cannot decay effectively into single particle-hole pairs. The leading damping mechanism in this regime is
instead provided by dynamical exchange and correlation effects, such as multipair production. These effects
are not captured by the widely used adiabatic local-density approximation ~ALDA!, which accounts for Landau
damping only. In the recently developed time-dependent current density-functional formalism @G. Vignale, C.
A. Ullrich, and S. Conti, Phys. Rev. Lett. 79, 4878 ~1997!#, exchange and correlation enter as viscoelastic
stresses in the electron fluid, causing an additional damping that is not contained in the ALDA. We use this
theory to derive an explicit formula for the linewidth of collective electronic excitations that are not Landau
damped. The formula is then applied to calculate the linewidth of collective modes in two-dimensional ~2D!
quantum strips. In comparison with the corresponding modes in the homogeneous 2D electron gas, we find an
order-of-magnitude enhancement of the linewidth due to the nonuniformity of the system.
@S0163-1829~98!05436-8#I. INTRODUCTION
Collective excitations of electrons in semiconductor nano-
structures such as quantum wells, quantum wires, and quan-
tum dots have become a research field of great theoretical
and experimental interest in recent years.1 This is largely due
to the tremendous improvements in semiconductor growth
techniques that allow one to tailor the potential across an
electron film in a heterostructure practically to any desired
shape, through a suitable choice of the quantum well design.
As a typical example we mention the widely studied para-
bolic quantum wells with and without imperfections.2 These
systems approximate the jellium model much more closely
than conventional metals, since their Fermi wavelength is
substantially larger than the crystalline lattice spacings, sup-
pressing complicated effects of the lattice potential.
Single3 and double4 square wells represent another type of
heterostructure that is of great theoretical as well as techno-
logical interest. The lowest collective intersubband excita-
tions in these systems have energies below the optical pho-
non energy and have been studied in photoabsorption
experiments in the far-infrared regime. The energy relaxation
for these modes proceeds via electron-electron, electron-
impurity, and acoustical-phonon scattering, as well as
optical-phonon scattering ~at nonzero temperature!. How-
ever, the relative importance of the various possible dissipa-
tion mechanisms is still not well understood.
In this work, we consider the decay of collective excita-
tions in inhomogeneous electronic systems due to electron-
electron interaction, which is the leading effect at zero tem-
perature and in the absence of impurities. The main damping
mechanism of low-frequency collective electronic modes is
decay into single particle-hole pairs, also known as Landau
damping.5 For high-frequency modes, however, this decay
mechanism is not effective, and damping is instead induced
by dynamical exchange and correlation ~xc! effects such asPRB 580163-1829/98/58~11!/7141~10!/$15.00multipair production. In the following, we shall develop a
new method to calculate the linewidth of collective excita-
tions related to dynamical xc effects.
The standard method for calculating collective excitations
of the inhomogeneous electron gas is to find the poles of the
density-density response function.5,6 Such a calculation is
conveniently performed within the framework of time-
dependent density-functional theory.7,8 In this formalism, all
dynamic xc effects of the electron gas are accounted for
through a local time-dependent xc potential vxc(r,t). The
latter is usually approximated as a function of the instanta-
neous local density,
vxc
ALDA~r,t !5
dexc~% !
d% U
%5%~r,t !
, ~1!
where exc(%) is the xc energy density of the homogeneous
electron gas of density % . This scheme is known as the adia-
batic local density approximation ~ALDA!. If used to calcu-
late the full response function of the system, the ALDA ac-
counts for the Landau damping of high-frequency collective
modes. However, outside the regime where Landau damping
occurs, the modes calculated within the ALDA will come out
undamped.9,10 To describe the relaxation of these modes over
the whole range of frequencies and wave vectors, one has to
go beyond the ALDA and include retardation effects. This
task can be accomplished with the use of the recently devel-
oped time-dependent current density-functional theory.11,12
In this formalism, dynamical exchange and correlation lead
to the appearance of viscoelastic stresses in the electron
fluid,13 with complex and frequency-dependent viscosity co-
efficients depending on properties of the homogeneous elec-
tron gas. The viscosity, in particular, causes an additional
damping not contained in the ALDA.
The paper is organized as follows: In Sec. II we briefly
review the main features of time-dependent current density-
functional theory in the linear regime. We then derive in Sec.7141 © 1998 The American Physical Society
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tions outside the regime of Landau damping. The idea is to
first calculate the ~undamped! modes within the ALDA and
then include the viscosity-induced damping perturbatively.
Relevant details of the calculation are given in the Appendix.
In order to demonstrate the practicality of the approach, we
then apply it in Sec. IV to collective modes in two-
dimensional ~2D! quantum strips.14 The advantage of these
systems is that they can be treated analytically, within a hy-
drodynamical approximation, and thus allow us to gain sys-
tematic insight into the damping of collective modes in an
inhomogeneous model system. We find that the boundary
effects caused by the confinement of the 2D electron gas
~2DEG! lead to a strong enhancement of the linewidth as
compared to the homogeneous case. A detailed comparison
of our theory with experimental results, which are available
for systems such as the quantum wells mentioned above, is
the subject of currently ongoing studies.
II. CURRENT DENSITY-FUNCTIONAL THEORY
IN THE LINEAR REGIME
We consider an interacting electronic system with
ground-state density %0(r) that is perturbed by a weak ex-
ternal vector potential a1(r,v)e2ivt. The current-density re-
sponse j1(r,v)e2ivt, to first order in a1, is given by
j1,m~r,v!5(
n
E d3r8xKS,mn~r,r8,v! aeff1,n ~r8,v!.
~2!
Here, xKS,mn(r,r8,v) is the current-current response func-
tion of a system of noninteracting electrons with the same
density %0(r), defined as
xKS,mn~r,r8,v!5
%0~r!
m
d~r2r8!dmn1
1
m2
(
a ,b
~ f a2 f b!
3
ca*~r!¹mcb~r!cb*~r8!¹n8ca~r8!
v2~«b2«a!1ih
, ~3!
where ca are the solutions of the unperturbed static Kohn-
Sham equation, with eigenvalues «a ~note that we set e5c
51 in this and the following section!. The effective vector
potential entering Eq. ~2! is
aeff1~r,v!5a1~r,v!1
¹
~ iv!2
E d3r8 ¹8j1~r8,v!
ur2r8u
1axc1~r,v!. ~4!
axc1(r,v) is the first-order xc vector potential ~which in gen-
eral contains both longitudinal and transverse terms!. It may
be expressed as
axc1~r,v!5E d3r8fxc~r,r8,v!j1~r8,v!, ~5!
where the 333 tensor kernel f xc,mn is defined asf xc,mn ~r,r8,v!5xKS,mn21 ~r,r8,v!2xmn21~r,r8,v!
2
1
~ iv!2
¹m
1
ur2r8u
¹n8 ~6!
(xmn is the full response function of the interacting system!.
A local-density approximation for axc1(r,v) has recently
been derived by Vignale and Kohn.11 Their expression be-
comes exact when the equilibrium density and external po-
tential are slowly varying in space, on length scales set by
kF
21 and vF /v , where kF and vF are, respectively, the local
Fermi wave number and velocity. It can be written in the
following form:13
iv axc1,m~r,v!5¹mvxc1
ALDA~r,v!2
1
%0~r!
(
n
¹nsxc,mn~r,v!.
~7!
The first term is the linearized ALDA expression ~1!, and the
dynamical correction is the divergence of the viscoelastic
stress tensor
sxc,mn5hxc~¹num1¹mun2
2
3 ¹udmn!1zxc¹udmn .
~8!
Here, u(r,v)5j1(r,v)/%0(r) is the velocity field, and
hxcv ,%0(r) and zxcv ,%0(r) are complex viscosity coef-
ficients. They are related to the longitudinal and transverse
homogeneous electron gas functions f xcLh (v ,%) and
f xcTh (v ,%):
hxc~v ,% !52
%2
iv f xcT
h
, ~9!
zxc~v ,% !52
%2
iv F f xcLh 2 43 f xcTh 2 d2exc~% !d%2 G . ~10!
The functions f xcL(T)h are defined in terms of the dynamic
local field factors15 GL(T)(k ,v) as f xcL(T)h 5
2limk!04pGL(T)(k ,v)/k2. Explicit parametrizations of the
frequency-dependent f xcL(T)h have recently been calculated in
2D and 3D by Nifosı`, Conti, and Tosi16,17 using an approxi-
mate decoupling scheme of the equation of motion for the
current density, which accounts for processes of excitation of
two electron-hole pairs.
III. LINEWIDTH OF COLLECTIVE EXCITATIONS
The collective modes of an electronic system can be
found by determining the poles Vn of the full response func-
tion in the complex v plane. In this special case, the re-
sponse equation ~2! will have finite solutions if the external
perturbation is set to zero in Eq. ~4!. One has to solve the
integral equation
(
n
E d3r8@xALDA,mn21 ~r,r8,Vn!
2 f xc,mnvisc ~r,r8,Vn!# Jn ,n~r8,Vn!50 ~11!
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ated mode profiles Jn(r,Vn). Here, the ALDA inverse re-
sponse function is given by
xALDA,mn
21 ~r,r8,v!5xKS,m n
21 ~r,r8,v!1
¹m
v2F 1ur2r8u
1d~r2r8!
d2exc~% !
d%2 U
%5%0~r!
G¹n8 ,
~12!
and the viscosity term f xc,mnvisc is defined in terms of the stress
tensor ~8! as
(
n
E d3r8 f xc,mnvisc ~r,r8,v! jn~r8,v!
5
i
%0~r! v
(
n
¹nsxc,mn~r,v!. ~13!
The next step is to multiply Eq. ~11! from the right with
Jn ,m* (r,Vn) and integrate over r:
(
mn
E d3rE d3r8 @xALDA,mn21 ~r,r8,Vn!
2 f xc,m nvisc ~r,r8,Vn!#Jn ,n~r8,Vn!Jn ,m* ~r,Vn!50.
~14!
In the following, we restrict ourselves to the case where the
only effective damping occurs via dynamical xc effects, as
discussed in the introduction. We further assume that thedamping is only a small effect, i.e., ReVn@uImVnu. In other
words, the viscosity term in Eq. ~11! can be viewed as a
small perturbation to the ALDA response function ~12!. This
means that if we solve the ~undamped! ALDA response
equation
(
n
E d3r8xALDA,mn21 ~r,r8,vn! jn ,n~r8,vn!50 ~15!
~where vn is real!, we expect the resulting vn and jn ,n(r,vn)
to be close to ReVn and Jn ,n(r,Vn), obtained from solving
the full response equation ~11!. We can then perform an
expansion of Jn ,n(r8,Vn) around the undamped mode fre-
quency vn :
Jn ,n~r8,Vn!' jn ,n~r8,vn!1~Vn2vn!
] jn ,n~r8,j!
]j U
j5vn
~16!
and similarly for Jn ,m* (r,Vn), xALDA,mn21 (r,r8,Vn) and
f xc,m nvisc (r,r8,Vn). Introducing these expansions into Eq. ~14!,
we get
(
mn
E d3rE d3r8F ~Vn2vn! ]]vn xALDA,mn21 ~r,r8,vn!
2 f xc,mnvisc ~r,r8,vn!G
3 jn ,n~r8,vn! jn ,m* ~r,vn!50. ~17!
To arrive at this relation, we dropped terms of second order
in (Vn2vn) and f xc,m nvisc , and made use of Eq. ~11!. We thus
obtain the viscosity-induced frequency shift asVn2vn5
(mn*d3r*d3r8 f xc,m nvisc ~r,r8,vn! jn ,n~r8,vn! jn ,m* ~r,vn!
(mn*d3r*d3r8$~]/]vn! xALDA,mn
21 ~r,r8,vn!% jn ,n~r8,vn! jn ,m* ~r,vn!
. ~18!To simplify this expression, we rewrite the numerator using
definition ~13!. For the denominator, we employ an explicit
expression for xKS,m n
21 (r,r8,v), valid for small density varia-
tion, which is derived in the Appendix, see Eq. ~A13!. Using
this approximation, xALDA,mn
21 (r,r8,v) is explicitly known
and real, and we can easily calculate its derivative with re-
spect to v:
]
]v
xALDA,mn
21 ~r,r8,v!
52
2
vFxALDA,mn21 ~r,r8,v!2 m%0~r! dmnd~r2r8!G .
~19!
Using Eq. ~11! and introducing the velocity field un ,m
5 jn ,m /%0, we thus end up withVn2vn5
i
2m
(mn*d3r un ,m* ~r,vn!¹nsxc,mn~r,vn!
*d3r %0~r!uun~r,vn!u2
.
~20!
Vn2vn is in general a complex quantity. The imaginary part
of it leads to a broadening of the intensity profile of the
collective mode. To be precise, the d shape obtained within
the ALDA is converted into a Lorentzian with FWHM ~full
width at half-maximum! Gn , where
Gn5
uRe (mn*d3r un ,m* ~r,vn!¹nsxc,mn~r,vn!u
m*d3r %0~r!uun~r,vn!u2
. ~21!
The linewidth formula ~21! has a very simple physical inter-
pretation that clearly shows the analogy with classical
hydrodynamics.18 It can be written as
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uE¯ 8u
E¯
, ~22!
where
E¯ 852Re (
mn
E d3r un ,m* ~r,vn! ¹nsxc,mn~r,vn! ~23!
is the average energy dissipated per unit time by the viscos-
ity, and
E¯ 52mE d3r %0~r!uun~r,vn!u2 ~24!
is the mechanical energy stored in the oscillation of the elec-
tron fluid, regarded as slowly decaying in time.
IV. COLLECTIVE MODES IN QUANTUM STRIPS
A. Solution of the linearized classical equation of motion
We consider in the following a single quantum strip or
wire of width 2W and infinite length, defined in the yz plane
of a 2DEG by the application of a parabolic confining poten-
tial v5m*V2y2/2, where m* is the electron effective mass.
The strip is oriented along the z axis, and we assume the
density to be uniform in this direction. The collective modes
in this system have been studied14,19 using a classical ap-
proach ~which does not include damping!, and we here
briefly summarize the results. The classical equation of mo-
tion for the velocity field u(y ,t) of the 2D electron fluid
~without external driving field! reads
m*
]u~y ,t !
]t
52m*V2y12e*2E dy8 %~y8,t !
y2y8
. ~25!
Here, e*25e2/e accounts for the screening of the electronic
charge e by a background with dielectric constant e , and
%(y ,t) is the 2D number density. The leading corrections to
this equation of motion arising from kinetic and xc energy
can be shown19 to be negligible compared to the classical
electrostatic energy as long as W@a0* , where a0*
5\2/m*e*2 is the effective Bohr radius. This condition is
safely fulfilled for the systems we are going to treat here.
The equilibrium density distribution %0(y) of the quan-
tum strip is given by
%0~y !5
2l
pW
A12y˜ 2, uy u<W . ~26!
Here, y˜5y /W , l is the number of electrons per unit length
in z direction, and
V25
4le*2
m*W2
5%0~0 !
2pe*2
m*W
. ~27!
To determine the collective modes, Eq. ~25! is linearized
about the equilibrium density distribution ~26!:
%~y ,t !5%0~y !1%1~y !e2ivt. ~28!
Furthermore, the linearized continuity equation2iv%11
]
]y ~%0u1!50 ~29!
is used, where it is assumed that u1(y ,t) varies as e2ivt. In
this fashion, the nth normal mode in the quantum strip is
found to be14
%1,n~y !5hn
Tn~y˜ !
A12y˜ 2
, n51,2,3,.. . , ~30!
where Tn denotes Chebyshev polynomials of the first kind,20
and hn is a normalization constant which has the dimensions
of a 2D density. The associated mode frequencies are given
by
vn
25n V25
2p%0~0 !e*2
m*
n
W . ~31!
The velocity profile u1,n of the nth mode is obtained in a
straightforward manner from the continuity equation ~29!.
We make use of the connection
d
dy˜
@A12y˜ 2 Un21~y˜ !#52n
Tn~y˜ !
A12y˜ 2
~32!
between the Chebyshev polynomials of the first and second
kind,20 and we end up with
u1,n~y ,vn!52
ivnWhn
%0~0 !n
Un21~y˜ !. ~33!
The first mode, u1,1(y ,v1), is the well-known center-of-mass
mode with v15V . Since U0(y˜ )51, it has a uniform veloc-
ity profile.
B. Calculation of the linewidth
Let us now insert the collective modes of the 2D quantum
strip into the linewidth formula ~21!. First of all, with Eqs.
~26! and ~33! the denominator becomes
m*E d3r %0~r!uu1,n~r,vn!u2
5m*L
vn
2W3hn
2
%0~0 !n2
E
21
1
dy˜ A12y˜ 2 Un212 ~y˜ !,
~34!
where L denotes the length of the strip ~we assume L!`).
Due to the orthogonality of the Chebyshev polynomials,20
the integral on the right-hand side yields a value of p/2.
Next, consider the stress tensor ~8!, which in two dimen-
sions reduces to
sxc,mn
2D 5hxc~¹num1¹mun2¹udmn!
1zxc¹udmn , ~35!
so that
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mn
E d3r un ,m* ¹nsxc,mn2D
5L
vn
2Whn
2
%0~0 !2n2
E
21
1
dy˜ Un21~y˜ !
]
]y˜
3F ~zxc1hxc! ]Un21~y˜ !
]y˜ G . ~36!
From Eqs. ~9! and ~10! it follows that Re(zxc1hxc)5
2(%02/v) Imf xcLh (%0 ,v) ~it can be shown that this relation is
valid both in 2D and in 3D!. Thus, performing a partial in-
tegration in Eq. ~36! and dividing by Eq. ~34!, we get the
ratio between linewidth and mode frequency of the nth col-
lective mode in the quantum strip:
Gn
vn
5
n
p2e*2W
E
21
1
dy˜ ~12y˜ 2!
3uImf xcLh %0~y˜ !,vnuS 1n ]Un21~y˜ !]y˜ D
2
. ~37!
We see immediately that the center-of-mass mode (n51) is
undamped since ]U0 /]y˜50. All modes with n>2 will have
a nonvanishing linewidth, however.
By construction, Eq. ~37! is appropriate for modes with
small index n , which are the most important cases in prac-
tice. However, the situation gets more complicated as the
mode index n increases (n * 10). The Chebyshev polyno-
mials Un21(y˜ ) then become more and more rapidly oscillat-
ing, especially towards the edges of the strip. In the limit of
n ,W!` for fixed ratio n/W , application of Eq. ~37! as it
stands would lead to a logarithmically diverging linewidth.
The reason for this clearly unphysical behavior is that the
hydrodynamical modes, which we take as unperturbed solu-
tions for our linewidth formula, are well defined only when
they are slowly varying. In reality, for large n the modes
enter the regime where Landau damping ~creation of single
electron-hole pairs! becomes possible, which will suppress
the short-wavelength components of the mode. In order to
account for this effect, the formalism to calculate the line-
width will be suitably modified in the following.
C. Landau versus xc damping
Let us first consider the case of a homogeneous 2DEG of
density %¯ 51/prs
2 and Fermi wave vector q¯F5A2p%¯ . Lan-
dau damping sets in when the plasmon dispersion curve
v 2DEG(q) ~see below! enters the particle-hole continuum.
This occurs at a certain cutoff wave vector q¯ c , which may be
determined by solving21
v 2DEG~q¯ c!5q¯ c q¯ F1
q¯ c
2
2 . ~38!
In order to obtain a comparable criterion for the inhomo-
geneous quantum strips, we need to introduce the concept ofthe local wave vector qn(y˜ ). We first consider the center of
the strip where y˜'0. Making use of the identity20
Un21~y˜ !5
sin~n arccos y˜ !
A12y˜ 2
, ~39!
and expanding arccos y˜ ' ~p/2! 2y˜ for small y˜ , it is easy to
see that the normal collective modes ~33! reduce for y˜'0 to
u1,n~y˜ !!2
ivnhnW
%0~0 !n H 2~21 !n/2sin~ny˜ !, n even~21 !~n21 !/2cos~ny˜ !, n odd.
~40!
We can therefore assign to each collective mode a wave
vector qn(0)5n/W in the center of the strip. Assuming that
the modes behave locally as sin@qn(y˜)y# or cos@qn(y˜)y# for all
values of uy u,W , we can determine the local wave vector as
qn(y˜ )5p/@WDn(y˜ )# , where Dn(y˜ ) denotes the local dis-
tance between two nodes of u1,n(y˜ ,vn). To determine
Dn(y˜ ), we make use of the fact20 that the mth zero of the
Chebyshev polynomial Un21(y˜ ) is located at the position
y˜m5cos@(m/n)p#. Therefore,
Dn~y˜ !5cosS mn p D2cosS m11n p D
'
p
n
sinS m
n
p D5 p
n
A12y˜m2 , ~41!
where we assume n ,m@1. This yields the local wave vector
qn~y˜ !5
n
W
1
A12y˜ 2
. ~42!
The local cutoff wave vector qc(y˜ ) now follows from Eq.
~38! by replacing the homogeneous density %¯ with the equi-
librium density profile %0(y˜ )5%0(0)A12y˜ 2, see Eq. ~26!,
thus defining a local Fermi wave vector qF(y˜ )5A2p%0(y˜ ).
We then use relation ~31! in place of the plasmon dispersion
v2DEG(q). This yields the following equation for qc(y˜ ):
qc~y˜ !S qF~y˜ !1 qc~y˜ !2 D
2
52p%0~0 !
e*2
m*
A12y˜ 2.
~43!
To illustrate this concept, we consider the concrete nu-
merical example of a quantum strip with %0(0)52.0
31011 cm22 and arbitrary width 2W (W@a0*). Having in
mind systems based on GaAs/AlxGa12xAs, we set m*
50.07m and e513. This means that the Bohr radius be-
comes a0*598.3 Å, and we use Hartree energy units with
1 Hartree*511.27 meV.
In Fig. 1 we plot the local cutoff wave vector qc(y˜ ) for
this strip, together with the local wave vectors qn(y˜ ) of some
collective modes with qn(0)5n/W5aqc(0), where a var-
ies between 0.1 and 0.9. We see that qn lies well below qc in
the interior of the strip as long as a is still small, and qc(y˜ )
and qn(y˜ ) intersect at y˜ c(n) close to y˜561. For a!1, the
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tion with qc(y˜ ) move towards the center of the strip (uy˜ c(n)u
!0!. For a.1, qn(y˜ ) lies entirely above qc(y˜ ), which
means that corresponding modes are completely Landau
damped. In all other cases (0,a,1), however, Landau
damping will affect the modes only partially.
Let us now form the limit n ,W!` where the ratio n/W
5qn(0) is kept fixed. In this regime it is well justified ~see
below! to assume that Landau damping is so strong as to
suppress the mode locally in the regions uy˜ c
(n)u,uy˜ u,1 in
which it occurs,22 i.e., for qn(y˜ ).qc(y˜ ). The linewidth for-
mula ~37! then becomes
FIG. 1. Full line: cutoff wave vector qc(y˜ ) @Eq. ~43!# for a
quantum strip of width 2 mm and density in the center %0(0)52
31011 cm22. Dashed lines: local wave vector qn(y˜ ) @Eq. ~42!# of
collective modes with qn(0)5aqc(0), with values of a between
0.1 and 0.9, as indicated. In the case of large n and W , Landau
damping occurs mostly in the regions of the strip where qn.qc ,
i.e., between the points of intersection y˜ c
(n) and the boundaries of
the strip. In the interior region, damping is mainly caused by the
much weaker dynamical xc effects. For qn(0).qc(0), the modes
are completely Landau damped.Gn
vn
——!
n ,W!` qn~0 !
2pe*2
3
*
2y˜
c
~n !
y˜
c
~n !
dy˜ ~12y˜ 2!21uIm f xcLh ~%0~y˜ !,vn!u
*
2y˜
c
~n !
y˜
c
~n !
dy˜ ~12y˜ 2!21/2
.
~44!
To arrive at this relation, we have utilized the identities20
]Un21
]y˜
5
1
12y˜ 2
@Un2~n11 !Tn# , ~45!
Un21
2 5
1
12y˜ 2
~12Tn
2!. ~46!
Recognizing the fact that the Tn become more and more
rapidly oscillating between 21 and 1 for increasing n , we
can replace them by their average value 0.5.
Clearly, the simple notion of ‘‘local damping’’ will not be
valid in the regime where both n and W are finite. Here, we
need a more refined, nonlocal criterion to account for Landau
damping. The idea is to perform a global Fourier analysis of
the mode and to define a cutoff in momentum space rather
that in real space. This procedure may be viewed as a ‘‘fil-
ter’’ to remove the large-q components of the mode, which
are the ones to be suppressed by Landau damping. In prac-
tice, we replace the Chebyshev polynomials Un21(y˜ ) in Eq.
~33! by their convolution with the Fourier transform of a
rectangular window in q space:
U¯ n21~y˜ !5
1
pE21
1
dx Un21~x !
sin@q˜ c ,n~y˜2x !#
y˜2x
. ~47!
For a given width 2W of the strip, q˜ c ,n is defined as q˜ c ,n
[qn(y˜ c(n))W . The ratio between linewidth and mode fre-
quency of the nth collective mode then readsGn
vn
5
qn~0 !
2pe*2
*21
1 dy˜ ~12y˜ 2!uImf xcLh ~%0~y˜ !,vn!u@~1/n !~]U¯ n21~y˜ !/]y˜ !#2
*21
1 dy˜A12y˜ 2U¯ n212 ~y˜ !
. ~48!In the limit n ,W!` with n/W fixed, U¯ n21(y˜ ) tends to
Un21(y˜ ) for uy˜ u,uy˜ c(n)u and zero otherwise, which a poste-
riori justifies the limit ~44! of local damping.
D. Numerical results and discussion
Before applying the linewidth formulas ~37!, ~44! and
~48! to a concrete example, it is instructive to have a look at
the homogeneous 2DEG. The long-wavelength limit of the
random-phase approximation plasmon dispersion is well
known:21,23v2DEG~q !25
2p%¯ e*2
m*
q , ~49!
where %¯ is the homogeneous 2D density and q is the wave
vector. The ratio between the linewidth of collective modes
and the mode frequency is given ~for small q) by
G2DEG
v2DEG
5
q
2pe*2
uIm f xch ~%¯ ,v2DEG!u. ~50!
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zeros of the dielectric function in the long-wavelength
limit.21 Note that we define the linewidth G as twice the
imaginary part of the mode frequency.
In the following, we shall compare the linewidths of col-
lective modes in quantum strips with the plasmon linewidths
in a homogeneous 2DEG. Density %¯ and wave vector q in
the 2DEG are taken to be the same as the equilibrium density
%0(0) and the local wave vector qn(0)5n/W in the center
of the strips. The plasmon frequency ~49! then exactly
matches the corresponding mode frequency in the strip, Eq.
~31!. However, it will turn out that the imaginary parts of the
mode frequencies are strikingly different.
To evaluate the homogeneous and inhomogeneous line-
width formulas, we furthermore need the imaginary part of
f xcLh (%0 ,v) in two dimensions as input. For this we employ
the parametrization by Nifosı`, Conti, and Tosi,17 given for
discrete values of rs and variable v , and use cubic splines to
interpolate f xcLh for fixed vn and variable rs>1/Ap%¯ . Note
that the q dependence of f xcLh has been neglected.
Our numerical results are summarized in Fig. 2, which
shows G/v versus wave vector for the homogeneous 2DEG
and two different quantum strips. In the latter case, q refers
to the center of the strip, i.e., q[n/W . As in the example
treated in Sec. IV C, we consider here systems based on
GaAs/AlxGa12xAs with %0(0)5%¯ 52.031011 cm22.
The dashed line shows G 2DEG /v 2DEG for the homoge-
neous system, up to a cutoff wave vector qc50.614a0*21.
We find that G 2DEG /v 2DEG grows as q3/2 for small q . This is
easily seen from Eq. ~50! by noting that f xcLh (%0 ,v) starts
out linearly with v ~see Ref. 17!, while from Eq. ~49! we
have v}Aq .
The discrete symbols refer to Gn /vn for two quantum
strips with different widths: W51 mm ~squares! and W
FIG. 2. Ratio of linewidth G and mode frequency v vs wave
vector. Dashed line: G2DEG /v2DEG for a homogeneous 2DEG of
density %¯ 5231011 cm22. Full line: limiting curve G` /v` for an
infinitely large quantum strip, with %0(0)5%¯ and fixed q5n/W .
Symbols: Gn /vn vs qn5n/W for two different quantum strips with
%0(0)5%¯ and widths W51 mm ~squares! and W520 mm ~dia-
monds!. Each symbol denotes a collective mode with index n , start-
ing with n52.520 mm ~diamonds!. The points represent the collective
modes with increasing index n5qW . Let us first consider
small values of n , for which Eq. ~37! applies. For the lowest
mode with nonvanishing linewidth (n52), Gn /vn is in both
cases only slightly higher than the corresponding
G2DEG /v2DEG . In contrast to the latter, however, Gn /vn
grows initially as q3 and therefore reaches values that are
considerably higher than G2DEG /v2DEG . Comparing Eqs.
~37! and ~50!, we see that this enhancement is mainly due to
the Chebyshev polynomials Un21, which have the form of
sines and cosines for y˜'0, see Eq. ~40!, but oscillate more
and more rapidly as one moves away from the center of the
strip, so that (]Un21 /]y˜ )2 strongly increases. In addition to
this, Im f xcLh %0(y˜ ),vn grows with decreasing density
%0(y˜ ). On the other hand, the factor (12y˜ 2) goes to zero for
y˜!61, but is too weak to suppress the enhancement over
the homogeneous case.
After the initial rapid increase over the first few n , the
modes start picking up Fourier components beyond the cut-
off momentum, which have to be removed to account for
Landau damping as discussed above, see Eq. ~48!. The
Gn /vn for both strips then approach the limiting curve
G` /v` ~see below!. For W51 mm this happens at around
n510, and for W520 mm at around n540. For the nar-
rower strip, the highest mode below qc has the index n
562. All higher modes will be completely Landau damped,
as discussed in Sec. IV C. For the wider strip, only the first
150 modes have been indicated. The higher modes ~up to n
51249) are very densely spaced and all fall on the limiting
curve.
Letting W and n approach infinity for a given q5n/W
and fixed %0(0), we obtain the limit G` /v` from Eq. ~44!,
as shown by the full line. We note that G` /v` grows as Aq
for small q and is almost three orders of magnitude above
G2DEG /v2DEG for q50.001 a0*21. As q increases, the dis-
tance between the curves becomes less, and they merge at
q5qc . To understand this behavior, recall that uy˜ cu!0 for
q!qc . In this limit one integrates in Eq. ~44! only over a
narrow stretch in the interior region of the strip where the
density is practically uniform.
To summarize, the viscosity-induced linewidth of collec-
tive modes in finite quantum strips is found to be substan-
tially higher than in the homogeneous 2DEG, in particular
for small wave vectors. This enhancement is due to the
strong inhomogeneity in the strips, and it persists even if we
let their width become infinitely large. The explanation for
this lies in the equilibrium density distribution ~26!, the
shape of which scales with y /W and is therefore invariant if
the width of the strip changes. This means that the presence
of the boundaries is always felt over the whole interior re-
gion of the quantum strip, regardless of its width. This strik-
ing feature can be traced back to the parabolic shape of the
confining potential. A limiting process that for increasing
width eventually leads to the homogeneous 2DEG would
have to eliminate the influence of the boundaries. This may
for instance be accomplished by letting the confining poten-
tial gradually approach a square-well form for large widths,
thus arriving at a uniform equilibrium density distribution
over the whole strip.
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In this paper, we have proposed a simple way to calculate
the linewidths of collective electronic excitations induced by
damping through dynamical xc effects. The method is based
on time-dependent current density-functional theory, and it
includes exchange and correlation effects in terms of vis-
coelastic stresses in the electron fluid. The basic idea is to
first calculate the collective modes using the adiabatic local-
density approximation. The latter accounts for single
particle-hole production ~Landau damping! only, i.e., high-
frequency, long-wavelength modes will be undamped. The
viscosity-induced damping effects are then added on pertur-
batively.
We have applied the formalism to calculate the linewidths
of collective modes in 2D quantum strips. The advantage of
these systems is that the mode profiles are known analyti-
cally through solution of the linearized classical equation of
motion. It was found that the modes in the strips are much
more strongly damped than the corresponding plasmon
modes in a homogeneous 2DEG. For small wave vectors, we
observed an order-of-magnitude enhancement over the
2DEG due to the inhomogeneity of the strips. As the regime
of Landau damping is approached for growing wave vectors,
the enhancement disappears. Contrary to expectation, we
found that the behavior of the quantum strips with a para-
bolic confining potential does not approach that of a 2DEG if
the width is increased to infinity.
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APPENDIX
In this appendix, we derive an explicit expression for the
Kohn-Sham current-current response function
xKS,m n (r,r8,v), see Eq. ~3!, valid for systems in which the
unperturbed static density %0(r) is slowly varying on the
scales of the local kF
21 and vF /v . Besides its importance in
the present work, this formula for xKS,mn could also be of use
in the study of van der Waals interactions.24,25 For this rea-
son we supply here some details of the derivation.
In order to obtain the coefficients of the gradient expan-
sion of xKS,m n up to second order in the gradients, we first
consider an electron gas subject to a potential modulation
FIG. 3. First-order diagrams contributing to the paramagnetic
part of the noninteracting current-current response function.v0(r)5g cos(qr) that is both small and slowly varying.
Thus,
%0~r!5%¯ 1gx
h~q,0!cos~qr!, ~A1!
where q!kF ,v/vF and g!1. Here, xh(q,0) is the static
noninteracting response function, whose small-q limit is
given by15 2kF
2 /(3%¯ m). Let us now denote the second ~i.e.,
the paramagnetic! part on the right-hand side of definition ~3!
by Rmn(r,r8,v). We introduce the momentum representation
of Rmn as
Rmn~k1sq,k,v!
5E d3rE d3r8 Rmn~r,r8,v!e2i~k1sq!reikr8, ~A2!
where s is an integer. The inverse of this relation reads
Rmn~r,r8,v!5(
s
E d3kRmn~k1sq,k,v!ei~k1sq!re2ikr8.
~A3!
To first order in g , only those components of Rmn with s
50,61 are nonvanishing, and we have
Rmn~k,k,v!>Rmn
h ~k,v!. ~A4!
Here, Rmn
h (k,v) denotes the paramagnetic current response
tensor of the homogeneous electron gas, which is given by12
Rmn
h ~k,v!5
%¯ kF
2
5m3v2
@2kmkn1k2dmn# . ~A5!
To calculate the off-diagonal contribution Rmn(k1q,k,v),
we start with the expression
Rmn~k1q,k,v!5
g
2m2 (p,v8
S p2 k2 1 q2 D
m
S p2 k2 D
n
3G~p2k,v8!G~p,v1v8!
3G~p1q,v1v8!
1~q2q,k!2k,v!2v!, ~A6!
which follows from the first-order diagrams shown in Fig. 3
according to the usual rules of diagrammatic many-body
theory.6 G denotes the free-particle Green’s function:
G~p,v!5@v2ep2ih sign~kF2p !#21, h501,
~A7!
where ep5p2/2m . The frequency integral in Eq. ~A6! is eas-
ily carried out using contour integration, and we obtain, after
some rearrangement,
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g
m2
(
p
S p1 k1q2 D
m
3S p1 k2 D
n
1
ep1k1q2ep1k
3F ~np1k2np!~ep1k2ep!
v21~ep1k2ep!
2
2
~np1k1q2np!~ep1k1q2ep!
v22~ep1k1q2ep!
2 G ,
~A8!
with np5u(kF2p). In the limit of small k and q we can
neglect (ep1k2ep)2 and (ep1k1q2ep)2 with respect to v in
the denominators. Equation ~A8! thus simplifies to
Rmn~k1q,k,v!>
g
m2v2
(
p
S p1 k1q2 D
m
S p1 k2 D
n
3F ~np1k2np!~ep1k2ep!ep1k1q2ep1k
2
~np1k1q2np!~ep1k1q2ep!
ep1k1q2ep1k
G .
~A9!
Expanding np1k and np1k1q around np , the terms in the
square brackets reduce to
2
np8
m
Fkp1 k22 1~k1q!p1 ~k1q!
2
2 G1 np92m2 $~kp!2
1@~k1q!p#21~kp!@~k1q!p#%. ~A10!
The momentum integration can now be carried out, and after
some lengthy algebra we end up withRmn~k1q,k,v!52
g%¯
2m2v2
3@qmqn1k~k1q!dmn12km~kn1qn!# .
~A11!
We now insert the zero- and first-order contributions ~A5!
and ~A11! into Eq. ~A3! to transform back into coordinate
space. From the resulting expression, we can identify the
coefficients of the gradient expansion of xKS,mn . The final
result is
xKS,mn~r,r8,v!5
%0~r!
m
d~r2r8!dmn2
%0~r!kF
2
5m3v2
~2¹m¹n
1¹2dmn!d~r2r8!2
kF
2
3m3v2
d~r2r8!
3@¹m¹n2~¹¹8dmn12¹m8 ¹n!#%0~r!.
~A12!
From this, the inverse, correct up to second order in the
gradients, is easily obtained as
xKS,mn
21 ~r,r8,v!5
m2
%0
2~r!
H %0~r!m d~r2r8!dmn
1
%0~r!kF
2
5m3v2
~2¹m¹n1¹2dmn!d~r2r8!
1
kF
2
3m3v2
d~r2r8!@¹m¹n2~¹¹8dmn
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